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205 40.B  The differential

LESSON 40

40.A
Mewton
and Leibniz

40.B
The
differential

Newton and Leibniz - The differential

We have defined the derivative of a function 1o be the limit of the ratio of the change
in v to the change in ¥ as the change in x approaches rero.
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Sir lsmae Mewton, an Englishman, and Gontfried Wilhelm Leibniz, a German,
invented calculus independently of one another in the sevenleenth century, To
designate the derivative of a function, Newton placed a dot over the 1 and wrote |
(read "y dot™). Over the vears the dot has changed to a poime and now we write v
(read “v prime”) as Newlon's designation of the denvative. The denvalive as
conceived by Newton and indicated by his notation i wax a single entity and had no
numerator or denominator dv

Leibniz designated the derivative with the fractional notation - and consid-

ered the denvative 1o be a fraction of very small quantities o 2nd dv which he
called imfinitesimaly and which he moved about by using the rules of algebra

Levbaiz could multiply j:' by dv and get oy by canccling the dy above and the dy
below as we show here.
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Many scientists prefer the notation of Letbniz because it facilitates the
solution of pragtical problems whose solutions would be more difficult using the
notation of Newton, In this bock we will use both notations. We will use the
notation of Leibniz ofien becouse this notation is casier for the beginner 1o

‘ i .
understand. 1t is easy to think ol’m as meaning almost the same (thing a5 3 very, very

small Ay over 4 very, véry small Ax. In the néxt section we will show that dy can
have a meaning all by itself and &y can have a meaning all by itself; so this thought
process is aoceplable,

The slope of the graph of o function at a paim has the same value as the derivative of
the function at 1hat paint. In the figure on the lel, if we begin at P, and move o P,
the change in x is Ax and the change in v is Ay, We would Tike to show that in the
limit, as £, moves closer to F,, the Ay in the left-hand figure is approximately equal
1o the dv in the nght-hand Sgure.
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In the right-hand figure on page 205, a segment of the tangent 10 the curveat £
farms the hypotenuse of 2 right triangle whose vertical side is dv. 10 P, moves dows
the curve and gets closer to P, the secant s will get closer 1o the tangent § and the
length of the segment dy in the right-hand figure wall pet closer to the length of the
whole side which we call Ay, We call the segment dy the differential of the function
We can salve the small triangle for oy by using the definition of 1an d.

dy
e fan @ -+ dy=tan & Ax

But the tangent of 8, the slope of the tangent line, equals the derivative of the
function f, which is (x). If we replace tan # wath (), we have

dy = {x) Ax
We can show that in the limil, the value of Ay equals gy, which is the differential. To
do this, we show that the ratio of 4y w dy approaches | as Ax approaches 0.
: ay Ay
= I, 710 ax (semaws)
Meat we divide the numerator and the denominator by Ax. Now we have
Ay
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The denominator, [(x). has already been determined and is considered to be a
constant and does not change as A changes. The limit of the aumerator 3048 m
Ax approaches zero is the dervative, which i5 also (%), $0 we have

- ay _ fix)

aedy  f®
We have shown that in the limit, dy 5 approximately equal 1o Ay because the ratie
Ay over dy approaches 1. Thus, dy = Ay ifdx = Axand if A is "small.™ S0 we may
wrile

dy = Mx) dx

We have shown that if is reasonable o consider oy and o x ai variables that represen!
very small quaniities. I we do this, dy and dx can be multiplied and divided in the
same manner as other vanables. [F we divide both sides of this last expression by Ju
we get

dy
iy rix)

The derivative of a function has meaning as the rate of change of the fonction or s the
slope of the graph of the function. The differential has no similar meaning. We wse the
ditTerential because its use will permit algebraic manipalations that are helpfil in the
solutions of problems.

We use o small letter of as an operational indicator 1o indicate the operation of
taking a differcntial. If we have the funcuons

ve= 5y f{ry = 3sn ¢ glu) = In u

we could indicate the operation of inding the differemials of these functions by
writing the following:

dy of oy
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The differenttal of a function of ¥ is the dervative with respect 10 x with «x as an
additional factor. The differential of o function of i3 the derivative of the funclion
with respect to £ with & as an additional factor. The differential of a function of 1 is
the dervative of the function with respect 10 4 with di as an sdditionul fector. Thus

dat

dv = 2! dy df = 3 cos ral dy = L:.’:r g

The differentinl of an algebraic sum of (unetions is the sum of the individual
differentials,

Example 40.1 Iy = 3x7 + 2 cos w — 5¢, find dy,

Solution  The differcntial of a sum is the sum of the differentisls. Thus
dy = —bx " dx — 2 sin wde - S

Mote that we did not find the differential of v with respect to a particular vanable.
The varable in each of the funetions was difierent, and the differential of v is the
sum of the differentials of the individual terms.

Problem set 40 1. Tt was | o'clock when the bell in the clock tower chimed once. In how mans
minules would the hands of the ¢lock be pointing in precisely the same
dircction?

2. At noon. the bactena colony coversd 20 square centimeters. The area which
the bacteria covered was found 1o increase exponentally. If ot 2 pom. the
bacteria covered 50 square centimeters. how much area was covered a1 5 pm.?

Compute oy in Problems 3-3,

3 s +edsng e 2e 4 v=2iInu -
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B, akelc ¢ graph of §' = .'I.'I;.'I.'— e F 1}

7. Wnte the equation of the hine which can be drawn tangent 1o the graph of
r=Ewyatx=4

Approximate 1o two decimal places the answers to Problems & and 9.

oy 1-|“l|' i
8. Find ‘—‘.-1-'; if )= sin X
9. Find :?: iw=4dinix] +2¢ — cos x.
(B

10.  Write the key identitics for practice, and then develop an identity for tan 24
Then, if tan 4 = — 1, find 1he valee of tan 24,

11, Find the volume of a prism whose length is L centimeters, cach of whose ends
are equilateral tnangles. each of whose sides are E centimeters long,

A i
12. Express the four fourth roots of <5~ + =5~ 1 in polar form.

13, Fimd all values of x such that 0 = x < 27 and sin 4x = —

[

_

Copeaant Hore

Covenant Home Curriculum Twelfth Grade Sample



